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1. Introduction 

Let (M n ,g ) be a complete non-compact Kahler manifold with com- 
plex dimension n and with bounded nonnegative holomorphic bisec- 
tional curvature. Let R be the scalar curvature and define 

k{x,r):=-±- [ RdV. 

v x[f) JB x (r) 

In jS], it was proved by the authors that if M has maximum volume 
growth, then M is biholomorphic to C n . There, the authors used a 
result of Ni in [22] (see also [Til [T3]) which states that the condition of 
maximum volume growth on M implies that 

(1.1) k (x,r)<-^ 

1 + r A 

for some C for all x and r. In [9J, the authors proved that condition 
(11.10 implies that M is holomorphically covered by C n , without assum- 
ing the maximum volume growth condition. The proof is obtained by 
studying the Kahler-Ricci flow : 



(1-2) f - 

with initial data go- It is well-known by [30] that if the scalar curvature 
decays linearly in the average sense: 

(1.3) k{x,r) < C/(l + r) 

for some constant C for all x and r then (11.21) has long time solution 
with uniformly bounded curvature. By the results in [T3J EE], the linear 
decay condition ( 11.31) is true in most case, at least for constant C which 
may depend on x. 

In this paper, we will prove the following: 
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Theorem 1.1. Let (M n ,go) be a complete non-compact Kdhler mani- 
fold with bounded non-negative holomorphic bisectional curvature. Sup- 
pose the scalar curvature of go satisfies the linear decay condition U.3\) . 
Then M is holomorphically covered by a pseudoconvex domain in C n 
which is homeomorphic to M. 2n . Moreover, if M has positive bisectional 
curvature and is simply connected at infinity, then M is biholomorphic 
to a pseudoconvex domain in C n which is homeomorphic to M. 2n , and 
in particular, M is Stein. 

Remark 1.1. By a result of Yau [32J, the pseudoconvex domain in The- 
orem 11.11 has infinite Euclidean volume. The authors would like to 
thank Shing Tung Yau for providing this information. 

If we assume that k(r) = 1+ ^ 1+e , for e > 0, the result that M is 
biholomorphic to a pseudoconvex domain was proved by Shi [30] under 
the additional assumption that (M, g) has positive sectional curvature. 
Note that if M has positive sectional curvature, then it is well-known 
that M is diffeomorphic to M? n by [16], and is Stein by [15] . Under the 
same decay condition and assuming maximum volume growth, similar 
results were obtained by Chen-Zhu JTU]. All these works are before 

As in the above mentioned works, our proof of Theorem 11.11 is based 
on the Kahler-Ricci flow (11.21) . In fact, Theorem 11.11 will be proved as 
a consequence of the following more general: 

Theorem 1.2. Let M n be a complex noncompact manifold. Suppose 
there exist a sequence of complete Kdhler metrics gi, for i > 1, on M 
such that 

(al) cgi < gi + i < gi for some 1 > c > for all i. 

(a2) \Rm(gi)\ + \WRm(gi)\ < d for some d on Bi(p,r ) for some 

p G M and ro > for all i where Bi(p,r ) is the geodesic ball 

with respect to gi. 
(a3) gi is contracting in the following sense: For any e, for any i, 

there exists i' > i with 

g%> < m 

in Bi(p,r ). 

Then M is covered by a pseudoconvex domain in C n which is homeo- 
morphic to M. 2n . 

To prove Theorem II. 1[ the solution g(t) to the Kahler-Ricci flow 
on M will be used to produce a sequence of Kahler metrics gi satis- 
fying the hypothesis of the Theorem 11.21 The main steps in proving 
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Theorem II .21 can be sketched as follows. The idea is to consider the se- 
quence of holomorphic normal "coordinate charts" around some p G M 
corresponding to the sequence g^. We then use this sequence of charts, 
together with a gluing technique as in [30] , to build a map from an open 
set in C n onto M. In general however, these charts will only be locally 
biholomorphic, and to build such a map one generally needs to control 
the sets around p on which these charts are injective Q. We will not 
assume any control these sets. Instead, we will control the sets where 
the corresponding coordinate transition functions are injective using a 
method developed by the authors in [5]. Once the transition functions 
are established, we then following similar techniques in [30] and [§], 
to build a covering map from an open set Q in C n onto M. By its 
construction, Q will be shown to be pseudoconvex and homeomorphic 
to R 2n . 

2. HOLOMORPHIC COORDINATE "COVERING" CHARTS 

Let M, gt,p, r be as in Theorem 11.21 
Lemma 2.1. There exists r > 0, and a family of holomorphic maps 
(2.1) §i:D(r)^M 

for all % > 1 with the following properties: 

(i) $j is a local biholomorphism from D(r) C C n onto its image, 

(a) MQ)=p, 

(hi) <t>*( 9i ))(0) = g e , 

(iv) ±g e < H>*( gi ) < Cg e in D{r), 

where g e is the standard metric on C n , C is a constant independent of 
t and p. 

Proof. Using condition (a2) and by considering the pullback metric 
under the exponential map within the conjugate locus, one can apply 
Proposition 2.1 in [S] to obtain the results. □ 

Corollary 2.1. B^C^p) C $i(D(p)) C B^Cp) for some C > for 
all < p < r and i > 1. 

The following two lemmas are from [91 Lemmas 3.2 and 3.3]. 

Lemma 2.2. For any < p < r, where r is as in Lemma \2.1\ there 
exists < pi < r Q , independent of i, satisfying the following: 

1 In [30] . positive sectional curvature was used to produce a sequence of strictly 
convex domains around p exhausting M , which were then used to control the in- 
jectivity of the charts. In [10] , maximal volume growth was used to control the 
injectivity radius under the Kahler-Ricci flow 
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(i) For any q E Bi(p,pi), there is z E -D(f) such that <&i(z) = q. 

(ii) For any q E Bi{p, p±), z E -D(| ) with $i(z) = q, and any smooth 
curve 7 in M with 7(0) = q such that Li(j) < pi, there is a 
unique lift 7 of '7 by $j so that 7(0) = z and 7 C -D(f )■ 

Lemma 2.3. Fix % > 1. Lei < p < r be given and let p\ be as in 
Lemma Wlh Given any e > 0, there exists 5 > 0, which may depend on 
i, satisfying the following properties: 

Let 7(7") , (3(t), t E [0,1] be smooth curves from q E Bi(p, pi) with 
length less than p\ with respect to gi and let z E -D(|p) with $i(zo) = Q- 
Let 7, (3 be the liftings from zq of 7 and (3 as described in Lemma [HE 
Suppose di(j(r),P(T)) < 5 for all r E [0,1], then d e (j(l), (3(1)) < e. 
Here di is the distance in gi and d e is the Euclidean distance. 

Corollary 2.2. Let < p < r be given and let p\ be as in Lemma \2.S\ 
Let 7 : [0, 1] x [0, 1] — > M be smooth homotopy such that 

(a) 7(0, r) = qi and 7(1, r) = q 2 for all r. 

(b) q x E Bi(p,p x ) and $i(z ) = q x for some z E D(\pr(t)). 

(c) For all < r < 1, the length of j(-, r) is less than p\. 

For all t, let 7 T be the lift o/7(-,r) as in Lemma \2. 2\ from z . Then 
7r(l) = 7o(l) for all t. 

Proof. By Lemma 12.21 7 r (l) E D(^p) for all r. Let e > be such 
that $j is injective on D(w,e) for all w E D(\p). Let 5 > be as in 
Lemma [231 Let m be large enough, such that d i ( r y(s,j/m),'y(s, (j + 
l)/m)) < 5 for all s for < j < m — 1. By Lemma 12.31 we have 
\lj/m(l) ~ 7(j+i)/m(l)| <J for < j < m - 1. Since $j o 7 T (1) = g 2 , 
and $i is injective in £)(7 T (1), e), we have 

lj/m(l) = 7(i+l)/m(l)- 

From this the Corollary follows. □ 

3. HOLOMORPHIC TRANSITION FUNCTIONS 

Let M, gi, p, ro be as in Theorem 11.21 

Lemma 3.1. Let r be as in Lemma \2. 2\ There exists r > p > such 
that for every i > 1, where there is a map Fi + i from D(p) to D(r) such 
that $j = o F i+ i on D(p). Moreover, <&i(D(p)) C Bi(p,r ) where 
r is the constant in (a3). 

Proof. In Lemma 12.21 let p = r and let p\ be as in the conclusion of 
the Lemma. Note that p\ is independent of i. Now let < K < 1 be a 
constant to be determined. For any z E D(Kpi), let 7*(t), < r < 1, 
be the line segment from to z, and let 7 = $ ; o 7*. By (al)and 
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Lemma 12.11 we see that there is a constant G\ > independent of i 
such that 

(3.1) L i+1 ( 1 )<L i ( 1 )<C 1 K Pl . 

Now choose K so that C±K < 1 and let p = Kp±. Since 7(0) = p, 
by Lemma 12.2} there is a unique lift 7 of 7 by so that 7(0) = 
and 7 C D(|r). We define = 7(1). is then a well-defined 

map from D(p) to -D(r) by the uniqueness of the lifting. Also, by 
construction we have $j = o on D(p). By choosing a smaller 
p, we also have $j(D(p)) C _Bj(p, r ). This completes the proof of the 
Lemma. □ 

Lemma 3.2. Let p be as in Lemma \3.1\ Then for any % > 1, the map 

F i+ i satisfies the following: 

(a) F m (0) = 

(b) zs a local biholomorphism. 
(c) 

&iM < l^'+i (0)v| < 6a|v| 
/or some < &i < 62 < 1 independent of i, and for all vectors 
v G C n , where F' is the Jacobian of F. 
(d) T/iere exzsi p\ and p 2 independent of i, each in (0, p), swc/i t/iat 

F i+1 (D( Pl )) c D(p 2 ), 

and exists on D(p 2 ). 

Proof, (a) follows from the definition of F i+ i. 

(b) can be proved as in the proof of Lemma 3.4 part (b) in [9], using 
Lemmas 12.31 and 13.11 

(c) follows from the (al) and Lemma [2.11 

(d) follows from the proof of part (d) of Lemma 3.4 in [9]. □ 

Corollary 3.1. Let p\ be as in Lemma \3.S\ Then for any i > 1, 
Fi + i(D(px)) is Runge in C n . 

Proof. Let % > 1 be given. Then given any holomorphic function / 
on F i+ i(D(pi)) C C n , we must show that / can be approximated by 
entire functions on C n uniformly on compact subsets of F i+ i(D(pi)). 
Consider the holomorphic function / o F i+1 defined on -D(pi). Since 
-D(pi) is just a ball in C n , / o F i+ i can be approximated uniformly 
on compact subsets of -D(pi) by entire functions h on C n . By part 
(d) of Lemma 13.2} h o F^ are defined on D(p 2 ) and holomorphic. 
We see that these approximate / uniformly on compact subsets of 
F i+1 (D(pi)) C D(p 2 ). Finally, as D(p 2 ) is just a ball in C n , we see 
that the functions h o F^ can themselves be approximated uniformly 
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on compact subsets of D(p 2 ) by entire functions. Thus by part (d) 
of Lemma 13.21 / can be uniformly approximated on compact subsets 
of by entire functions. This completes the proof of the 

Corollary. □ 

Corollary 3.2. Let p\ be as in Lemma \3. 2\ Then for any i > 1, F^i 

can be approximated uniformly on compact subsets of D(p{) by elements 
o/Aut(C n ). 

Proof. This follows from Corollary 13. II and Theorem 2.1 in [I]. □ 

4. CONSTRUCTION OF A MAP ONTO M 

Let M,gi,p,r be as in Theorem 11.21 We begin with the following 
lemma on the transition functions which basically says that the maps 
are contracting. 

Lemma 4.1. Let p\ be as in Lemma \3. 2\ Then there exists positive 
constants p 3 and C with C > 1, Cp 3 < p\, such that for every i and 
k > 1 

(4.1) F l+k o ■ • oF i+1 (D(p 3 )) C D(Cp 3 ). 

Proof. Let C\ > 1 be the constant in property (iv) of in Lemma 12.11 
and pi as in Lemma \'S. 21 Let C = C\ and p% = p\/ (2C). For any i, we 
want to prove that 

F i+1 (D(p 3 )) c D(Cp 3 ). 

Let 

A = {r ] e(0,p 3 ]\F i+l (D( V ))cD(Cp 3 )} 
Since F i+1 (0) = and F i+X is a local biholomorphism, it is easy to 
see that A is nonempty in (0,p 3 }. Let r e A and z G D(r]). Since 
Cp 3 < pi, $i(tz) and o F i+1 (tz), < t < 1, are defined and are 
equal by Lemmas 13.11 13.21 By Lemma 12.11 we have 

d d 

\\-U.F i+1 (tz)\\g e < Cl||— 

= Cl||^$ i+ 1 O F i + 1 (tz)\\g( i + 1 ) 



(4.2) 



< Ci||^(^)|| s(i ) 

<c!\z\ 
<c P3 , 
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where we have used (al). From this, it is easy to see that A is both 
open and closed in (0,p 3 ] and F i+ i(D(p 3 )) C D{Cp 3 ). 
Suppose k > 1 such that 

(4.3) F i+l o..oF i+1 (D(p 3 ))cD(Cp 3 ) 
for all 1 < I < k. As before, let 

B = { v e (0,p 3 ]| F i+k o ■ ■ oF i+1 (D(rj)) c D(Cp 3 )}. 

Again, B is nonempty in (0,ps]. Suppose r G B and z G D(r). Then 
$i{tz) and o o • • oF i+ i(tz), < t < 1, are well-defined and 
equal. As before, we can prove that B is open and closed in (0, P3] and 

(4.4) F l+k o ■ • oF l+l (D(p 3 )) C D(Cp 3 ). 

This completes the proof of the Lemma. □ 

Remark 4.1. For later use, we will assume that p 3 < |r, where r is as 
in Lemma 12. 11 



Lemma 4.2. Let p 3 as in Lemma 4-1 There exists a positive increasing 
sequence Hi for i > 1 such that n\ = 1 and 

(4-5) F ni+1 o ■ ■ F rH+2 o F ni+1 (D(p 3 )) C D(|) 

for every i. 

Proof. Let C be the constant in Lemma [4.11 Let n\ = 1. By Lemma 
14.11 for all k, F ni+ k o ■ ■ ■ o _F„ 1+1 is defined in D(p 3 ) for all k > 1. As in 
the proof of Lemma [4.11 for all z G D(p 3 ), and < t < 1: 

(4.6) 

1 1 j t Fm+k o ■ ■ ■ o F ni+1 (tz) \\ ge < d|| "^^m+fc o • • • o F ni+1 (tz) \\ n+ni {gni+l) 

= Cl \\j t ® k + n ^ ° ° " ' ° F ni+l(tz)\\g k+ni 

= Ci\\j t ^ ni (tz)\\ gk+ni 

where C\ is as in the proof Lemma |4~T1 Since & ni (D(p 3 )) C B ni (p,r ) 
by the choice of p in Lemma 13.11 by (a3) and (iv) in Lemma 12. 1\ we 
can find n 2 > ni such that 

F n2 o...oF ni+1 (D(p 3 ))cD(^p 3 ). 

Similarly, one can choose n 3 ,n4, . . . inductively which satisfy the con- 
clusion of the lemma. 

□ 
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We now want to construct an appropriate sequence Fj G Aut(C n ) 
which will approximate the sequence Fj for j > 2. 

Let Hi be as in Lemma 14.21 By Lemmas 14.11 14.21 and Corollary 13.21 
we can find F 2 , . . . , F n2 in Aut(C n ) such that 

(4.7) F k+1 o • • • o F 2 {D{p 3 )) C D( Pl ) 
for 2 < k < n 2 and 

(4.8) F n2 o...oF 2 (D(p 3 ))cD(p 3 ). 
Since $ ni is a local biholomorphism, we have 

(4.9) \\D<f> n2 oF n2 o.-.oF 2 {z){v)\\ gi >b 2 >0 

for all z G D(p 3 ) and unit vectors t> G C™. 

Let S 2 = {F n2 o- ■ •F 2 )^ 1 (L'(p3)). Use Lemmas EH CO and Corollary 
13.21 again, we can find n 3 > n 2 and F n2+ i, . . . , F ns in Aut(C n ) such that 

(4.10) F„ 3 o...oF n2+1 (%))c%). 
Since 

$„ 2 = $ na o F„ 3 o • • • o F n2+ i 

on D(p 3 ), we may choose F n2 +i, • • • , F nz such that they also satisfy: 
(4.11) 

d 9l (i, 3 oF„ 3 o.. • o F n2+ i o F n2 o • • -oF 2 (z), $„ 2 oF„ 2 o- ••tjoFj^)) < ^ 
for z £ S 2 and 

F m ° ■ ■ ■ ° F 2 ) (z) (v) | | gi 

(4-12) _ _ b2 

-\\D($ n2 oF n2 o...oF 2 )(z)(v)\\ gi <^ 

for all z G S 2 , and for all unit vector in C n . Let < 63 < b 2 be such 
that 

(4.13) \\D<$> na oF n3 o...oF 2 {z){v)\\ gi >b 3 >0 

for all z G S2 and unit vector t> G C™. Let S3 = (F n3 o • • • F 2 )~ l {D{p 3 ). 
Inductively in this way, we have the following: 

Lemma 4.3. There exist F 2 , . . . , Fj, . . . in Aut(C n ) ; such that the fol- 
lowing conditions are satisfied for all i > 2: 

(4-14) F n%+1 0...0 F nt+1 (D(p 3 )) C Dips)). 

(4.15) ^ 
d 9l {$n 1+1 °F ni+1 --oF ni+1 oF ni o- ■ -oF ni+1 (z), $„,oF n ,o. ■ -oF ni+l (z)) < — 
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for all z e Si. 

\\D($ n . +1 o F nx+1 • • • o F nx+1 oF ni o-..o F ni+1 )(z)(v)\\ gi 

(4-16) „ b . 

- \\D($ ni o F nt o ■ ■ ■ o F ni+1 )(z)(v)\\ gi < ^ 

for all z G Si and Euclidean unit vectors v, where the sequence hi is 
positive, decreases, and satisfies 

(4.17) \\D^ ni oF ni c. oF 2 (z)(v)\\ gi > k 

for all z G Si and Euclidean unit vectors v. Here 

5 i =(F m o...oF 2 )~ 1 (%)), 

Corollary 4.1. Let Si be as above. Then Si is an increasing sequence 
of open sets in C n . 

Proof, from (I4.14p we have 
(4.18) 

F ni+1 o.-.o F ni+1 oF„,c..o p 2 (Si) = F ni+1 o.-.o F ni+1 (D(p 3 )) c D(p 3 ) 
and thus 

(4.19) Si C^o-o F- l +i (D(p 3 ) = S i+1 

□ 

Definition 4.1. Let the sequences Si and n« be as above. Let 

oo 

n = \JSi 

Corollary 4.2. Q is pseudoconvex and is homeomorphic to IR 2 ™. 

Proof. Since each Si is pseduoconvex in C n , Q is pseudoconvex. Since 
each Si is homeomorphic to the unit ball in M 2n , Q is also homeomorphic 
to M 2n by [2]. This completes the proof of the corollary. □ 

We now begin to use the maps Fi to construct a map from Q onto 
M. We need the following lemma. 

Lemma 4.4. Let M,gi,p be as in Theorem \ 1.21 Then for all e > 0, 
U, Bi (e) = M, where Bi(e) = Bi(p,e). 

Proof. Let < 3e < r , where r is as in (a3). Obviously, -Bi(e) C 
\Ji B i(e). We claim that if B^ke) C \Ji B i( e ), k > 1, then Bi((k + 
l)e)cUA(e). 

Suppose Bi{ke) C l^-B^e), then Bi(ke — \e) C -Bj(e) provided i is 
large enough. Hence Bi((k + l)e) C Bi(e + |e) C 5j(3e) for i large 
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enough by (al). By (a3), we can find i such that Bi((k + l)e) C -Bj(e). 
This completes the proof of the lemma. □ 

Lemma 4.5. Let Tj := $ ni o F ni o • • 0F2. Then the following map 
^ : Q — > M zs we// defined. 

(4.20) = lim r^z). 



Proof. This follows from (I4.15P in Lemma 14.31 Corollary 14.11 and the 
definition of the maps IV □ 

Lemma 4.6. ^ is a local biholomorphism and onto. 

Proof. By property (iv) of the maps and the fact that [J i Bi(p, e) = 
M for all e, given any R > we can find rii such that 

(4.21) B 1 (p,R) C S ni (p,e) C ^(D^e)), 

for some constant C\ is the constant in Lemma l2.1( iv). Here we have 
used Corollary 12.11 provided C\t < p%. Choose such an e. Then 

FiiSi) = § ni oF ni o...o p 2 {3i) = $ ni P(p 3 ) D B 1 (p, R). 

Thus by (I4.15P and the fact that the S^s are increasing it follows that 

(4.22) B 1 (p,R-l)cT j (Si) 

for all j >i. From the definition of the map ^, we see that 

(4.23) B x (p,R-l) C tf(fi). 

Hence = M. 

We now show that ^ is a local biholomorphism. Observe that Q is 
open and \I/ is a holomorphic map. Now to show \1/ is a local biholomor- 
phism on Q, it will be sufficient to show it is a local biholomorphism 
on the sets Si for each i. Fix some i. Then by (I4.16P and the fact that 
the foj's are decreasing, 

(4-24) WD^zMW^bi-^ 

for all j > i, z G Si and all unit vectors v at z . Thus by the definition 
of (I4.24p implies \I/ is a local biholomorphism on Si. Noting that % 
is arbitrary, this completes the proof of the Lemma. 

□ 
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5. Proof of Theorem 11.21 

Let M and gi satisfy (al)— (a3). And let \l/ be the map constructed 
in the previous section. If we take ir : M — > M to be a universal 
holomorphic covering of M and let ^ = 7r*(</j), then (M, ^j) will still 
satisfy (al)— (a3). Thus to prove Theorem 11.21 it will be sufficient to 
prove that \I/ is injective assuming that M is simply connected. Before 
we prove this, let us first prove the following: 

Lemma 5.1. Let a(s), < s < 1 be a smooth curve in M. Then there 
exists e > such that if /3(s) is another smooth curve M with same 
end points as a(s) such that d 1 (a(s), j(s)) < e for all s, then there is a 
smooth homotopy 7(3, r) with end points fixed such that 7(5, 0) = a(s) 
and 7(s, 1) = /3(s). Moreover, there is a constant L depending only on 
(M^gi), maxcKixxda^s)!^ + |/3'(s)| gi }, such that the length ofj(-,r) 
with respect to g\ is bounded above by L. 

Proof. In the following, all lengths on M will be computed with respect 
to the metric go- Let a(s) be given. Then there is R > such that 
a C £>i(j9, R/2). First let e > be the lower bound for the injectivity 
radius of Bi{p,R). Suppose (3{s) is another smooth curve on M with 
same end points as a(s). Then there is a smooth homotopy 7(3, r) such 
that 7(5, r), for < r < 1 is the minimal geodesic from a(s) to f3(s). 
Then for each s, J = 7^ is a Jacobi field along the geodesic 7(5, r) for 
< r < 1, with boundary value J(0) = a'(s) and J'(l) = (3'{s). With 
respect to an orthonormal frame {e^} parallel along 7(s, r), < r < 1, 
the components of J satisfies 







yi 




= A 




-y'L. 




. V2n . 



where A^ = (i?(7 r , ei)j T , e 3 -). Here ' means derivatives with respect to 
r. Note that |7 r | < e and the curvature is bounded from below, we 
have 

(l>. 2 ) >-cV£-,? 

for some constant C\ > depending only on the lower bound of the 
curvature and n. Hence if e > is small enough depending only on the 
curvature, we can compare YliiVf with the solution / of /" = —C\e 2 f 
with the same boundary value as YliVi- Hence 

N 2 = l</| 2 = 5> 2 ^ 
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for some C 2 depending only on g and max <i<i{|a'(s)| + |/3'(s)|}. □ 

We now complete the proof of Theorem 11.21 by proving the following: 

Lemma 5.2. If M is simply connected, then \1/ is injective. 

Proof. Suppose the lemma is false. Then there are distinct points 
zi,z 2 G Q such that ^(21) = ^{z 2 ) = Q- Let j(s) be a smooth 
curve in Q for s G [0,1], joining z\ to Z2 parametrized proportional 
to arc length with respect to the Euclidean metric, and let 7(5) = 
\I/ o 7(3). Then 7(0) = 7(1) = q. Let 7(3, r) be a smooth homotopy 
of 7 for (s, t) G [0,1] x [0,1] such that 7(s, 0) = 7(3), 7(s, 1) = q 
for all s G [0,1], and 7(0, r) = 7(1, r) = q for all r G [0,1]. Let 
Li = max{/(7(-, t)\ r G [0,1]}, where l(j(-,r)) is the length of j(-,t) 
with respect to g\. 

Let R > be fixed, such that 7(5, r) G -B±(p, -R) for all < s,r < 1. 

By (I4.22|) and the fact that Si C Si+i for all i, there exists io such 
that 



for all j > i > i 0} and that 7 C Si . 

Since \1/ is a local biholomorphism, it is easy to see that for any 
a > there is b > such that for all i large enough, Ti(D(zk, a)) D 
5i(ri(z fe ),6), fc = 1,2. Since Ti(z k ) — >• ^fc) = g, by choosing an 
even larger i , for all i > io there exist 7^ £ 2 ,j G Si such that 
r.j(Ci,i) = rj(C 2 ,i) = g and that Ci,i — ► ^1 and ( 2 ,i — ► z 2 . Now for i 
large enough, we can join to C 2 ,i by first joining to z±, then 
^! to z 2 along 7, then z 2 to C 2 ,i- Let us denote this curve by 7j(s), 
s G [0, 1] parametrized proportional to arc length. We may assume 
7i(s) is smooth, 7i(s) C K C for some compact set K, and |t£| < C\ 
for some constant independent of i for all i > io- Moreover, we have 
\j(s) — Ji(s)\ — > uniformly over s as i — > 00. Since \1/ is a local 
biholomorphism, there is a constant C 2 independent of i such that if 
7; = ^ o 7i, then 



For the curve 7(s), let e be as in Lemma [5.11 Since Tj converge to ^ 
uniformly on compact sets together with first derivatives, if io is chosen 
large enough, then the following are true: 



(i) di(7(s),7i(s)) < f 

(ii) d 1 (T i oj j (s),j j (s)) =d 1 (r ! o7 J (s),$o7 3 (s)) < f 

(in) |(r, o ^y(s)\ 91 < |(* o^-yooi* + c 2 = | T i( s )| sl + c 2 < 2C 2 

for i,j > i . 



(5.1) 



B 1 {p,R)cT j (S i ) 



(5.2) 



7^)U<C 2 . 
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By (i) and (ii), we have: 

for all % > tQ. Thus by Lemma I57T1 and (15.21) . for each i > io we can find 
a homotopy which deforms 7(3) to Tj o ji(s), with end points fixed, 
so that each curve in the homotopy has length (with respect to g\) 
bounded by some constant L independent of i. 

Now let pi be as in Lemma 12.21 corresponding to p = r. Then we 
can choose i > io large enough but fixed, such that B\ (p, L + L\ + 
R + 1) C $„ 4 (-D(p3)), and any curve (3 in the above homotopies is in 
B^L + Lx + R+l) and satisfies Li(f3) < 1/(L + L x + R+ l)p 3 . Here 
we have used (a3). 

Let Wk = F ni o ■ ■ ■ o F 2 ((k,i), k — 1, 2. Then w\ 7^ w 2 . Note that 

F ni o ■ ■ ■ o F 2 (S l0 ) C F ni o ■ ■ ■ o F 2 (S 4 ) C D^). 

and p 3 < |r, see Remark [4.11 

By Corollary I2.2[ since the lift of Tj o ji(s) in the Lemma [2.21 from 
Wi by is F n . o ■ ■ • o F 2 o 7i(s), the lift a of 7(-, 1) satisfies a(l) = 
F n - o • • ■ o F 2 o 7j(l) = u> 2 - This is impossible because $ ni o a(s) = 
7(5, 1) is a constant map, <t(0) = wi 7^ w 2 = a(l) and $ ni is a local 
biholomorphism. 

□ 

6. Proof of Theorem 11.11 

In this section we prove Theorem 11.11 . We begin proving a general 
theorem on complete solutions to the Kahler-Ricci flow 



(6.1) f = 



Theorem 6.1. Let g(t) be a complete solution to Ii6.1\) with non- 
negative holomorphic bisectional curvature such that g(0) has bounded 
curvature. Fix some p G M and let Xi(t) be the eigenvalues of Rc(p,t) 
arranged in increasing order. Then 

t\k(t) 

is nondecreasing in t for all 1 < k < n. 

Proof. To prove the theorem we may assume again that M is simply 
connected and by the result of [5], we may further assume that the 
Ricci curvature is positive for all x e M and for allt > 0. 

Now let k > 1, and let h(t) be any positive function with h'(t) > 
for all t. We claim that for any t there is e > such that th(t)Xk(t) < 
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t h(t )\ k (t ) for all t G (t - e, t Q ). By taking h(t) — 1 + 8t with 5 > 
and then let 5 — > 0, we see that the theorem will follow from this claim 
which we now prove. 

For any t, let < Ai(t) < • • • < A n (t) be the eigenvalues of Rij(p, t). 
For any a > let E a {t) be the direct sum of the corresponding eigenspaces 
with eigenvalues A < cr. Now let to be fixed and let m > k be the largest 
integer such that \j(to) = Afc(to) for m > j > k. Let cr > be such that 
Afc(to) < cr < A m+ i(t ) if tu < n and a > Afc(t ) if m = n. Then there 
exists e > such that for all t G (t — e, t + e), A m (t) < cr < A m+ i(t) 
if m < n and a > X n (t) if m — n. In any case, the orthogonal pro- 
jection P a {t) onto E a (t) is smooth in (t — e, t + e), see P, p. 501] for 
example. For any ti G (to _ e, to + e ), let V\ be an eigenvector of -Rjj(t) 
corresponding to A m (ti) with length 1. Let 



«(t) ^ 



Note that for t close to t\, P cr (t)f 1 7^ 0. In local holomorphic co- 
ordinates z\ let a(t) = RijV 1 ^ where v(t) = v l (t)-^. Note that 
-P<t(*i)(^i) = V\ and thus a(ti) = A m (ti). Also note that we have 
a (t) < A m (t) for all t G (to — e, t + e) where a(t) is defined. Now note 
that 



d - dv* - 

(6.2) = -(v(t),v(t)) t = -R tJ (p,t)vV + 2Re( giJ —vi] 



Hence at ti we have 

(6.3) Jfefo*^) = a -f = ^ 

By the Harnack Inequality in |3] we have 

(6-4) ^ + ^%it>y + ^ > 0. 



for all t. Thus at ti we have 
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3D _ D 

< ^vV + g kl R lI R k] v^ + 



j t {Ri^) - 2Re ^-(^>^ + g kI R tI R k]V ^ + 



dt 

( 6 - 5 ) = - A^) + XUh) + 



<i a 

—a H . 

dt ti 



where the third equality follows from writing the expressions in a holo 

a 



morphic coordinate z l such that -Jrj form a basis of eigenvectors of 



Rc(p,T) with vi = -£j at p, and (16.31) . Since a(t x ) > 0, h{t) > and 
h'{t) > 0, we conclude that 

j t (th(t)a(t)) > 

at ti and hence th(t)a(t) is increasing in t for £ e (ti — ei,£i + ei) for 
some ei > 0. Hence 

£i/i(ti)A m (t!) = tMtJafa) 

(6.6) < th{t)a{t) 

< th(t)X m (t) 

for all ti < t < ti + ei. As ti was chosen arbitrarily in (to — e, to + e), we 
conclude that th(t)X m (t) is increasing in (to — e, to + e). In particular, 

t h(t )\ k (t ) = t h(t )X m (t ) 

(6.7) > th(t)\ m (t) 

> th(t)\ k (t) 

for all t e (to — e, to). This proves the claim and the theorem. □ 

Proof of Theorem We begin by observing that if M has positive 
holomorphic bisectional curvature and is simply connected near infin- 
ity, then it is actually simply connected. Indeed, if M were not simply 
connected there would exist a nontrivial minimizer of a free homotopy 
class. This however is impossible by the fact that the bisectional cur- 
vature is positive, and an argument as in the proof of Sygne theorem. 
By the remarks at the beginning of § 5, we may assume that M is 
simply connected in Theorem 11.11 and by [5] we may also assume that 
the Ricci curvature is positive in spacetime. 
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Now by the long time existence results in [30] we know that under 
the hypothesis of Theorem 1.1, (16. ip has a long time solution g(t) with 
uniformly bounded non-negative holomorphic bisectional curvature to- 
gether with the covariant derivatives of the curvature tensor. Since 
Rc > 0, Theorem 16.11 implies that given any compact set Q we can find 
C > such that Rc(t) > ~g(t) on Q for all t. From this, flBTTj) and re- 
calling that the curvature of g(t) is uniformly bounded on [0, oo) x M, 
it is not hard to see show that the sequence of metrics g± = g(i) on 
M satisfies the hypothesis of Theorem 1.2 and thus Theorem 1.1 fol- 
lows. □ 
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